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Abstract 
A triple system TS(u, A) is a collection of 3-element subsets (= blocks) of a v-element set X such that 
each pair x, yeX is contained in precisely 1 blocks. We determine the spectrum of i-times repeated 
blocks in a TS(r, i), leaving only one value in doubt for each v = 2 (mod 12). 
1. Introduction 
A triple system of order u and index 1, TS(u, A), is a pair ( V, B), where V is 
a u-element set and B is a collection of 3-element subsets of V, called triples or blocks, 
such that each 2-element subset of V is contained in exactly 2 blocks. This definition 
permits repeated blocks. It is well-known [6] that a TS(u,A) exists if and only if 
L(u--I)-0(mod2) and Au(u-l)=O(mod6). 
The support of a triple system (V, B) is the set B* E B of distinct blocks; the support 
size is the number of distinct blocks, IB*l. 
Recently, there has been substantial interest [l-5,8,9,11,12] to determine (i) the 
spectrum of possible support sizes of a TS( u, A), (ii) the spectrum of repeated blocks in 
a TS(u, 2). 
The determination of possible support sizes for TS(u, A) with 2 < 8 is essentially 
completed [l, 2,4,12]. The spectrum of repeated blocks has been examined for 1, = 3 
C3,8,9,111. 
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In this paper we determine the spectrum of A-times repeated blocks in a TS(v, A), 
leaving only one value in doubt for each order vr2(mod 12). 
In Section 2 we determine necessary conditions on the existence of triple systems, 
using our main results on coverable graphs [lo]. 
Section 3 is devoted to constructions (explicit as well as recursive) of triple systems, 
while the spectrum characterization theorem is proved in Section 4. In order to 
formulate this main result, let us introduce the following notation (v 2 3 is assumed 
throughout). 
R(v, A)= {k 1 there is a TS( v, A) with precisely k A-times repeated blocks}. 
If no TS(v, A) exists, we set R(u, A)=@ Moreover, for A = 1, we define 
R(v, l)= {k 1 there are two TS (v, 1)s S1 and S2 with precisely k blocks in 
common). 
Let 
u(u- 1) 
6 
if v = 1,3 (mod 6), 
v(v-4) 
6 
a(~-4)-2 
6 
if v = 0,4 (mod 6), 
if v - 2 (mod 6), 
v(v- l)-2 
6 
if v=5(mod6) 
and 
{QL . . . . s,}-{s,--l’: i=l,2,3,5} if v-1,3(mod6), 
{O,l, ‘.., s”-22,s”) if v=0,4(mod 12), 
Z = (091 ,...Y S”_l> if v=6,lO(mod 12), 
” 
(O,l, . . ..s.-3} if v=8(mod 12), 
{O,l, . . ..s.-4) if vr2(mod 12), 
{O,l, ..., so-6,s,-3) if v - 5 (mod 6). 
In this paper we prove the following results. 
Main Theorem. R( v, A) = I, for every v 2 13 and v f 2 (mod 12). For all v = 2 (mod 12), 
v>14,Z,~R(v,A)~Z,u{s,-33). M oreover, R(3,A)={l}, R(v,A)=(O),for 0=4,5,6, 
R(7,il)={O, 1,3,7}, R(8,A)={O, l}, R(9,1)={0-4,6,12}, R(lO,A)=Zm-{8}, R(ll,A)= 
Z11-{11,13,14}, R(12,A)=Z12- (14), and Z1,+--{17, 18,19} c R(14,1). 
In support of this result, we recall the following three useful theorems. 
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Theorem 1.1 (Lindner and Rosa [7]). R( u, l)= I, for all u = 1,3 (mod 6), 02 13, 
R(3,1)= { l}, R(7, l)= (0, 1,3,7}, R(9, l)= {&4,6,12}. 
Theorem 1.2 (Rosa and Hoffman [12]). R(u, 2) =I, for all 00,l (mod 3), u > 12, 
R(3,2)={1),R(4,2)=R(6,2)=~O},R(10,2)=1,,-{8),R(7,2)=R(7,1),R(9,2)=R(9,1), 
R(12,2)=1,,-(14). 
Theorem 1.3 (Milici and Quattrocchi [9]). R(u, 3)= I, for all u z 1 (mod 2) ub 13. 
R(5,3)={0}, R(u,3)=R(u,f) f or u=3,7,9,R(11,3)=Z11-{11,13,14}. 
2. Coverable graphs vs. triple systems 
As a powerful tool for proving necessary conditions, we apply the following 
particular case of the concept of F-coverable graphs introduced in [lo]. 
Let G = ( V, E) be a simple undirected graph without loops and multiple edges, and 
denote by F=F(G) the collection of ‘triangles’ of G, i.e. 3-element edge sets 
(e, e’, e”) G E forming a complete subgraph K3 on the three vertices. A real function 
f: F + [O, l] 
is called a uniform covering of G if 
for every edges eeE. A uniform covering f is strict if 
f( T) < 1 for all TEY. 
We say that G is coverable if it has a strict uniform covering. A closely related concept 
is that of ‘leave graphs’. Let Y = ( V, B) be a TS( u, A). The leave graph 
G=G(Y)=( V,E) 
of Y has vertex set V and edge set E, two vertices of G being non-adjacent if and only if 
they are contained in a block of multiplicity 2 in B. 
Lemma 2.1. For every TS(u, ib) the leave graph G has a strict uniform couering [lo]. 
Moreouer, the degree d(x) of each XE V has the same parity as u- 1. 
Proof. Denote by m(b) the multiplicity of the block bEB. Define f(T) := 0 for triangles 
T which are not blocks of B and f(T) := m( b)/A if T corresponds to a block bE B of 
multiplicity m(b) < A. Clearly, f is a strict uniform covering. The second property 
follows from the fact that each b with m(b)=A defines precisely two edges sitting on 
each of three vertices in the complement of G, and those blocks with multiplicity 2 are 
edge-disjoint. 0 
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We note that the converse statement is not true: the existence of a strict uniform 
covering in G does not imply that G is a leave graph of some triple system. (Such an 
example is the vertex-disjoint union of two complete graphs of order 5.) 
Combining Lemma 2.1. and our results [lo] on coverable graphs, we obtain the 
following lemma. 
Main Lemma. Let Y be a triple system TS( v, A). Then the graph G( 9’) = ( V, E) satisjes 
the following properties: 
(i) All degrees in G have the same parity as v- 1. 
(ii) If d(x) is even for all x~l/ (i.e. v is odd), then (El> 10, and (E/$(13,15,16}. 
(iii) Zf d(x) is odd for all XE V, then 1 E 1~31 VI implies (E I= 3 I VI and 1 VI 3 0 (mod 4). 
(iv) Ifd(x) is odd for allxeV, then IEl=$lVl+3 implies IVIz2(mod4). 
(v) Ifd(x)isoddforallx~V,thenIEI#%IVI+l,IEI#~IVI+4,andIEI#3lVI+7. 
3. The case A= 6 
In this section we determine R( v, 6) for v E 2 (mod 6), leaving only one value (s, - 3) 
in doubt for each 0~2 (mod 12). 
From part (v) of the Main Lemma, we obtain the following theorem. 
Theorem 3.1. R( v, 6) s I, for every v = 2 (mod 6). 
Below, we first show how one can build up larger triple systems from smaller ones, 
and then present some initial configurations which will be the bricks in the large 
structures. 
3.1. Recursive constructions 
Lemma 3.2. Let u=O(mod2), teR(v,6). Then t+s(v+6)/2ER(2v+6) for every 
SE{O,l)...) v-l}. 
Proof. Let (V,B) be a TS(v,6) having t six-times repeated blocks where 
V=(a,,az ,..., a,}. Let X=ZO+d be a (v + 6)-set disjoint from V. Let B1 be the set of 
triples{{i,i+l,i+3}:iEZ,+6 }. By [13], the cyclic graph on X consisting of edges with 
differences 4,5, . . . , (v+ 6)/2 can be partitioned into (v- 1) l-factors, say 
F Fz,..., 1, .‘., F,_ 1. The cyclic graph on X consisting of edges with differences 1,2,3, 
can be partitioned into six l-factors, say G1, Gz, . . . , Gg [13]. With the edges of 
Fl,Fz, . . . . F, _ 1 six times each, and with the edges of G1, G2, . . . , Gs, just once each, we 
can form v 6-factors H1, Hz . . . . H, having s(v + 6)/2 six-times repeated edges, 
SE{O, 1, . . . . v - 11. Form blocks 
B,=({Ui,X,y}: {x,y}EHi, i=l,&...,V} 
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Now (VuX, BuBluB,uBluBIuBIuB~) is a TS(2u+6,6) with the required 
number of six-times repeated blocks. q 
Lemma 3.3. Let u E 2 (mod 6), tER( u, 6). Then 
(i) t+s(u+4)/2ER(2uf4,6) for every s=O, 1, . . ..o-1. 
(ii) t+.s(u+4)/2+(u+4)/3ER(2u+4,6) for euery s=O, l,...,u-1. 
Proof. Let (V,B) be a TS(u,6) with t six-times repeated blocks where V=(a;: 
i= 1,2, . ..) u}. Let X=Zot4 be a (u + 4)-set disjoint from V. 
(i) Let C be the set of triples {{i, i+ 1, i+2}: kZ,+,}. By [13], the cyclic graph on 
X consisting of edges with differences 3,4, . . . , (u + 4)/2 can be partitioned into (u - 1) 
l-factors, say F1 , Fz, . . . , F,_ 1. With the edges of F1, . . . , F,_ 1, six times each, and with 
the edges {(x,y): lx-yl=2} each three times, we can form u 6-factors, say 
HI, Hz, . . , H,, having s(u +4)/2 six-times repeated edges, s=O, 1, . . . , u - 1. Form 
Bl={{ai,x,y}: (x,Y}EHi, i=l,2 ,..., u}. Now (VuX, BuCuCuCuB,) is a 
TS(2u + 4,6) with the required number of six-times repeated blocks. 
(ii) First, it is easily seen that the cyclic graph on X consisting of edges with 
differences 1 and 2 can be partitioned into a set C1 of (u + 4)/3 disjoint triplets and two 
l-factors, say F,, F,. Let 
c,= 
ii 
u+4 
i,i+- 
3 ’ 
i+$(u+4) , i=O,l,...,T . 
i 
u+4 
I 
By [13], the cyclic graph on X consisting of edges with differences 
3,4,5, . . . ,(u+4)/3-l,(u+4)/3+1,... , (u + 4)/2, can be partitioned into u - 3 l-factors, 
say F3, . . . . F,_ 1. With the edges of F1, Fz, . . . , F,_ 1 six times each and with the edges 
of C2 three times each, we can form u 6-factors HI, Hz, . . . , H,, having s( u +4)/2, 
s=o, 1, . ..) u- 1, six-times repeated edges. Form B,=((ai,x,y): {x,y)~H,, 
i=1,2, . ..) u}.Now(VuX,BuB,uC,uC,uC,)isaTS(2~+4,6)withtherequired 
number of six-times repeated blocks. 0 
Using constructions for certain useful group-divisible designs ([2,12]), we obtain 
the following lemma. 
Lemma 3.4. Let g=O(mod 3), u=2(mod 6), 4g>u+4. Let teR(u,6). Then 
t+4g(2g+u_2)/3ER(4g+u,6). 
Proof. Replacing the group of size u by a TS( u, 6), each group of size 4 by a TS(4,6), 
and repeating each block of the GDD six times gives a TS(4g + u, 6) with the required 
number of six-times repeated blocks. q 
Theorem 3.5. Let US 2 (mod 6), u >/ 50. If R(w, 6) = I, holds for euery w G 2 (mod 6) 
206wbu, then R(~+6,6)=1,+~. 
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Proof. Suppose v= 12k + 2, ka 3. Applying Lemma 3.3 to 6k+ 2 we obtain 
{OJ, ..., 24k2+21k-2) E R(v+6,6). The rest follows by Lemma 3.4 with g=$(k+2) 
andu=6k-4forkeven,andwithg=g(k+l)andu=6k+2forkodd.Forv=12k+8, 
k>4, applying Lemma 3.2 to 6k+4 we obtain {O,l, . . ..24k2+43k+13} c R(v+6,6). 
The rest follows by Lemma 3.4 with g = $(k + 2) and u = 2 + 6k for k even, and with 
g=j(k+3) and u=6k-4 for k odd. 0 
3.2. Starting the induction 
Lemma 3.6. R(8,6)= (0, l}. 
Proof. By [2], (0, l} c R&6). Moreover, 2,3,4,5,6+! R(8,6); otherwise, the number of 
blocks is at least 57. 0 
Lemma 3.7. (0, 1, . . . . 16) E R(14,6). 
Proof. By [2, Lemma 5.53, {9,12,13,14,15,16} E R(14,6). Lemma 3.2 with v=4 gives 
0,5,10~R(14,6). The remaining values are easily settled from the above construction 
modifying the four 6-factors; technical details are left to the reader. 0 
Lemma 3.8. R(20,6) = Z20 
Proof. By [2, Lemma 5.111 50~R(20,6). Lemma 3.4 with g= 3 and u= 8 gives 
48,49~R(20,6). Lemma 3.3 with v=8 gives k+6hER(20,6), for h~(O,l,..., 7) and 
kc (0, 1,4,5}. The rest follows by the above construction removing small subsets of 
blocks and replacing them with a mutually balanced set. 0 
Lemma 3.9. R(26,6) = Z26. 
Proof. Since R(10,2)= (0, 1, . . . . 7,9} (Theorem 1.2), by Lemma 3.2, (0, 1, . . . . 79, Sl} 
c R(26,6). The rest follows from [2, Lemma 5.143. 0 
Lemma 3.10. R(32,6)=Z32. 
Proof. Lemma 3.3 with v= 14 gives (0, 1, . . . . 139}cR(32,6).SinceR(12,2)={0,1,..., 
13,16} (Theorem 1.2), by [2, Lemma 3.151, (140, . . . . 143,146) c R(32,6). The rest 
follows from Lemma 3.4 with g=6 and u=8. q 
Lemma 3.11. R(38, 6)=Z3*. 
Proof. Since R(16,2)= (0, 1, . . . . 30,32} (Theorem 1.2), by Lemma 3.2, (0, 1, . . . . 195) c 
R(38,6). Lemma 3.4 with g=6 and u= 14 gives (192, . . . . 208) c R(38,6}. The rest 
follows by [2, Lemma 5.161. 0 
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Lemma 3.12. R(44,6)=Ib4. 
Proof. Lemma 3.3 with v = 20 gives (0, 1, . . . ,286) c R(44,6). The rest follows from 
Lemma 3.4 with g=6 and u=20. 0 
Lemma 3.13. R(50,6)=Is0 
Proof. Since R(22,2)= (0, 1, . . . ,65}, by Lemma 3.2, (0, 1, . . . ,359) c R(50,6). The rest 
follows by Lemma 3.4 with g=9 and u=4 and by [2, Lemma 5.163. 0 
Lemmas 3.6-3.13 and Theorem 3.5 imply the following theorem. 
Theorem 3.14. R( v, 6) = I, for every v = 2 (mod 6), v > 20; moreover, R&6) = { 0, 1) and 
(0, 1, . . . , 16) G R(14,6). 
4. Proof of the Main Theorem 
Case 1: u-1, 3(mod6). For any kgR(v, 1) there are two TS(v, l)s, say S, and S2 
sharing precisely k blocks. Then S1 together with I- 1 copies of Sz is a TS(v,A) with 
k A-times repeated blocks. Theorem 1.1 gives R(v, 1) g R(v, A). 
To prove R(v, 1) 2 R( v, A) suppose, on the contrary, that s, - ~ER( v, A) for i= 1,2,3, 
or 5. Then the graph G should have 3,6,9, or 15 edges, contradicting part (ii) of the 
Main Lemma. 
Case 2: v E 0,4 (mod 6). Since v = 0,4 (mod 6), I is even. Thus taking A/2 isomorphic 
copies of suitably chosen TS(v, 2)s on the same vertex set we obtain, by Theorem 1.2, 
R(v,2)cR(v,A). 
The proof of R(v, A) G R(v, 2) is divided into two parts, depending on the residue 
of v modulo 4. Since G has odd degrees, by the Main Lemma it has minimum 
degree at least 3, so that s, is the maximum number of blocks that can be repeated 
1 times. 
For v-0 or 4(mod 12), i.e. when v -O(mod 4), by Theorem 1.2, R(v, 2)- (0, 1, . . , 
s, - 2, s,}. Hence, we only have to prove s, - 1 $R( v, A) for any v and A. If the number of 
blocks of multiplicity A were s, - 1, then G would have $v + 3 edges, contradicting part 
(iv) of the Main Lemma. 
For v=6, lO(mod 12), i.e. when v=2(mod4), we have R(v,2)= (0, 1, . . . . s,- l} by 
Theorem 1.2. Now s,$R(v,A) by Lemma 2.3, implying R(v,A)=R(v,2). 
Case 3: u = 5 (mod 6). In this case A is a multiple of 3. Thus, A/3 copies of TS( v, 3)s 
with k blocks of multiplicity 3, together yield k blocks of multiplicity il in a TS( v, A). 
Then Theorem 1.3 gives R(v, 3) FL R(v, A). 
To prove R(v,A)cR(v,3), suppose that s,-~ER(v,A) for i=O, 1,2,4, or 5. Then 
the graph G should have 1,4,7,13 or 16 edges, contradicting part (ii) of the Main 
Lemma. 
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Case 4: v c 2 (mod 6). In this case 1 is a multiple of 6. Thus, A/6 copies of TS( v, 6)s 
with k blocks of multiplicity 6, together yield k blocks of multiplicity 1 in a TS(q1). 
Then Theorem 3.14 gives R(v, 6) c R(v, A). 
The proof of R(u, A) c R(u, 6) follows by part (v) of the Main Lemma. 
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